Abstract. In this paper, the tiling of the Euclidean plane with regular hexagons is called a graphene. The vertices of the hexagons are carbon atoms. We describe six different ways to generate the graphene. There are two ways starting from the triangular lattice of A2, and one way for each algebra G2, B3, C3 and A3, by projecting the weight system of their lowest representation to the hexagons of A2. Colouring of the graphene is presented. Changing from one colouring to another is called phase transition. For a fixed number of colours of the graphene, phase transition transformations form a finite Abelian group. Multistep refinements of the graphene are described.
Introduction
The simplest prescription for forming a graphene sheet is to take a regular hexagon and to reflect it an unlimited number of times in its sides. This is a simple construction, which offers no insight as to which structures the hexagon originated from. In view of the very interesting physical properties of the graphene, where the vertices of hexagons are populated by carbon atoms [7, 9] , one is motivated to look for the structures from which the original hexagon arose.
In this paper, we use group theory to describe six different ways to obtain such a hexagon. They are related to the reflection groups associated with simple Lie groups SU (3), O(6), O(7), G(2), Sp (6) . Throughout the paper, we use the notation standard for Lie algebras rather than Lie groups, namely, SU (3) is replaced by A 2 , G(2) by G 2 , O(6) by A 3 , O(7) by B 3 , and Sp(6) by C 3 .
Distinguished among these possibilities is the pair of cases with A 2 and G 2 symmetries. A graphene constructed according to one of the two symmetries can be transformed into a graphene constructed with the other symmetry by inverting the corresponding projection matrix. Both graphenes are isomorphic. First, the A 3 , C 3 and B 3 cases are used to produce their hexagons, which are in 3-dimensional space and not in a plane. Then, the projection matrices are provided that transform them into planar hexagons.
The tool that allows us to consider all these cases in parallel is the projection matrix from the root space of the algebra G to the root space of its subalgebra G [12, 14, 15] . In all cases, corresponding bases are called ω-bases. Geometrically, these bases are given here in terms of 2 × 2 or 3 × 3 matrices for each case separately (see Appendix). Since we are projecting the orbits of the reflection groups resulting in one or several orbits of the smaller reflection group, the projection matrices listed in the text are not unique. Indeed, the orbits are invariant with respect to the reflection group of G on one hand, and the reflection group of G on the other. Therefore, the projection matrices may be modified by the transformation of Weyl groups of G into G .
The projection matrices used here were calculated for the computation of branching rules [15] and published in [12] . They were optimized for the large scale machine computation of branching rules.
2. Construction of the graphene sheet 2.1. Lie algebra A 2 and the graphene.
There are two ways to construct the graphene sheet from the triangular lattice of Lie algebra A 2 . There are two lattices corresponding to A 2 , namely root lattice Q and weight lattice P . Each point of Q is of the form Zα 1 +Zα 2 , where α 1 , α 2 are simple roots of Lie algebra A 2 and Z are any integers. They are of the same length, the angle between them is 2π/3, and they form the so-called α-basis. Points of the weight lattice P are of the form Zω 1 + Zω 2 , where ω 1 , ω 2 are weights of A 2 forming the ω-basis, and Z are any integers. The correspondence between α-and ω-bases is given by the Cartan matrix and its inverse [5, 10] . In the case of Lie algebra A 2 , the matrix is of the form C = 2 −1 −1 2 , its inverse is C −1 = 1 3 2 1 1 2 and then
In the first method, the graphene sheet is formed by the Brillouin zones of the points of root lattice Q. The Brillouin zone is also called proximity cell, or in physics literature, Wigner-Seitz cell or Voronoi domain [13] .
In other words, the graphene sheet is obtained by assigning to every point of Q its Brillouin zone, that is, the area closer to a given point of Q than to any other point of Q. Every Brillouin zone of a point of Q is a regular hexagon. Preserving the hexagons and removing the points of the root lattice from the centers of the hexagons yields the graphene sheet. The Brillouin zones for lattices of all simple roots were described in [13] . In the second method, we define three congruence classes of points of weight lattice P . Point aω 1 + bω 2 belongs to one of the three congruence classes according to a + 2b mod 3.
The triangular lattice is the union of the points of the three congruence classes K i = {a + 2b ≡ i mod 3}, i = 0, 1, 2. Points of the congruence class K 0 coincide with the root lattice Q, points of K 1 are formed as ω 1 + Q, points of K 2 are formed as ω 2 + Q. The vertices of the hexagons forming the graphene sheet are obtained by removing from P points of the congruence class K 0 . Each hexagon of the graphene has three vertices in the congruence class K 1 and three vertices in the congruence class K 2 (see Fig. 2 ). The origin of the graphene sheet is chosen as the center of one of the hexagons. The center clearly belongs to congruence class K 0 . Figure 2 . Fragment of the P lattice of A 2 is shown. Points of congruence class K 1 are marked by circles, points of congruence class K 2 are marked by black dots, and points of congruence class K 0 are marked by rectangles.
More generally one can remove any one of the three congruence classes and remaining set of points will be a graphene.
2.2.
Reflections generating the affine Weyl group of A 2 . Figure 3 . Hexagon H and its neighbours, each shown with the reflections used to obtain them. Notation r ij H shows the reflections needed to get the hexagon. First, we apply r i , then r j to H.
Let α 1 and α 2 be simple roots of A 2 . The highest root of A 2 is α 0 = α 1 + α 2 . The reflections in planes orthogonal to the simple roots are given by the formula
where (·, ·) is a scalar product, and x is any point in the Euclidean plane. Reflections r 1 , r 2 generate the Weyl group of A 2 , which is of order 6. When the affine reflection
is included, the affine Weyl group is of infinite order.
2.3. Simple Lie algebra G 2 and the graphene. The subsequent four cases described in this paper are formed as follows. We look for Lie algebras where A 2 is maximal. Their lowest representation contains the hexagonal orbit of weights, which is subsequently projected by known projection matrices into the hexagons of A 2 . Each hexagon is then reflected in its sides by the affine Weyl group of A 2 , so that it is spread all over the plane, forming the graphene. The only exception is the chain of subalgebras B 3 ⊃ G 2 ⊃ A 2 , where G 2 is maximal in B 3 and A 2 is maximal in G 2 . This is the exceptional inclusion of G 2 , which has analogs only in much higher ranks of Lie algebras [8] . The exceptional position of G 2 was noted years ago by Racah [17] .
Consider the case of the G 2 algebra. Starting from the irreducible 7 dimensional representation of G 2 , which is the lowest representation of dimension > 1, the representation of G 2 can be reduced to the direct sum of three representations of A 2 . The reduction process from G 2 to A 2 consists of projecting the weights of G 2 representation into weights of A 2 representations. This is an orthogonal projection provided by 2 × 2 matrix found in [12] , namely
The result of the projection are two triangular orbits of A 2 , and the origin, which is an orbit in itself, see Example 1. Making the centers of A 2 triangles coincide, we obtain a regular hexagon, plus the center point. Removing the center point, we have a hexagon, which, by repeated reflections of the affine Weyl group, gives us the graphene. The projection is done for the G 2 weights, which are written in the ω-basis of G 2 , namely
and result is in the ω-basis of A 2 .
Example 1. Let us apply the projection matrix (3) to the lowest non-trivial G 2 orbit (4) (orbit of the lowest dominant weight). The projection matrix P r(G 2 → A 2 ) applied to the weight (0, 1) of G 2 is equal to
weight of A 2 . Similarly, we project the remaining weights of the orbit points
The result of the projection are the six vertices of the A 2 hexagon. Note, however, that this hexagon is formed by two triangular orbits centered at the origin, namely { (1, 0), (−1, 1), (0, −1)} and {(0, 1), (1, −1), (−1, 0) }.
It may be useful in some future applications to notice that the projection matrix (3) is invertible. Therefore, the A 2 graphene can be projected into the set of points of G 2 , which form the G 2 graphene.
3-dimensional hexagons and the graphene.
The graphene can be produced starting from the 3-dimensional hexagons arising from rank 3 Lie algebras A 3 , B 3 and C 3 . Subsequently, projecting non-planar hexagons (Fig. 4 ) to planar hexagons, and then reflecting them by the affine Weyl group of A 2 , we obtain the graphene sheet. Curiously, the 3 hexagons in 3-dimensions, A 3 , B 3 and C 3 , are identical as geometric structures. Their vertices are labelled in 3 different ω-bases, as shown in Fig. 4 Consider the weight system of the irreducible representation of A 3 with the highest weight (0, 1, 0) in A 3 ω-basis. The three reflections in the hyperplane orthogonal to the simple roots of A 3 , and intersecting in the origin applied to the highest weight, yield the hexagon with vertices
The projection matrix
transforms the A 3 hexagon (Fig. 4) into the planar A 2 hexagon in its ω-basis, namely {(1, 0), (0, 1), (1, −1), (−1, 0), (0, −1), (−1, 1)}.
The Lie algebra B 3 has the lowest irreducible representation of dimension 7. The weight system of the representation consists of two orbits of the B 3 Weyl group. One orbit of six points forming a hexagon, and one orbit which is the origin. There are two possible chains of maximal subalgebras, which start with B 3 and end in A 2 . The first is B 3 ⊃ G 2 ⊃ A 2 , and the second is 
It can be first projected into the G 2 hexagon or into the A 3 hexagon using the appropriate matrix
and then into the A 2 hexagon using either the (3) or (6) matrix. Combining this two-step projection, we get
In both cases, B 3 to A 2 projection is done using the same matrix. It remains to apply the affine Weyl group of A 2 to obtain the hexagon in order to produce the graphene.
Example 2. Let us demonstrate the coincidence of the projection matrices of B 3 to A 2 when proceeding with different chains of subalgebras. Consider transforms the hexagon of C 3 into the same A 2 hexagon as in the previous cases.
Colouring the graphene
In this section, we will introduce another hierarchy of the hexagons in a graphene sheet. We call it colouring, for lack of a better name. In addition, we also consider transformations between different colourings, which we refer to as phase transitions. There is an algebraic rule for assigning an integer (colour) to each hexagon. Practically, we proceed as follows. The center of each hexagon is a point of congruence class K 0 of the weight lattice P of A 2 . It also happens to be a point of the root lattice Q of A 2 . We therefore assign a colour to each point of Q, and recognize that this is the colour of the whole hexagon containing the point. The number of colours can be any positive integer, but in this paper we focus on 2 and 3 colours in detail.
A point of Q is of the form aα 1 + bα 2 , where a, b ∈ Z. The colour of the point is defined as
where the positive integer m is the number of colours, and the pair (k 1 , k 2 ) specifies the colouring type. The trivial colouring is given by (k 1 , k 2 ) = (0, 0). Suppose we have a coloured graphene of the type (k 1 , k 2 ). We can represent the colouring as a column vector (k 1 , k 2 , 1) T . The transition to another colouring characterized by integers (l 1 , l 2 ) mod m is given by the matrix
Namely, 
Composition of several transitions is possible, through a product of matrices i.e., 
Clearly, for every transition matrix T , there exists its inverse 
Therefore, the phase transition matrices T form a finite Abelian group whose order is controlled by the number of colours m.
2-colourings of the graphene.
There are 3 non-equivalent ways to assign 2 colours to all the points of Q. In other words, there are 3 different non-trivial 2-colourings of the graphene sheet. Namely, Any other choice of integers (k 1 , k 2 ) turns out to be equivalent to one of the given three, because we are considering the colouring mod 2. Examples of the three types of such colouring are shown in Fig. 5 .
3-colourings of the graphene.
There are 8 non-trivial choices of integers (k 1 , k 2 ) mod 3 that specify nonequivalent 3-colourings of the graphene's hexagons. These are the following:
Examples of such colourings are shown in Fig 6 . Analogously, colouring can be done for an arbitrary m < ∞.
Refinement of the graphene
A primitive and straightforward way to refine the graphene is to cut each of its hexagons into smaller hexagons. In this case, admissible sizes of these hexagons must be set. In the paper, we present two more systematic ways to refine the graphene.
Consider the graphene and the vertices of each hexagon. Brillouin zones (proximity cells) of the vertices of hexagons form a triangular lattice P in R 2 . These triangles are smaller than those in the original weight lattice P of A 2 . Three congruence classes of points of P can be defined. The graphene of P is obtained by deleting the congruence class zero from the lattice P . This process can be repeated as many times as desired, creating a graphene of smaller and smaller hexagons at each step.
The second method is more powerful, as well as more general. In this paper, it is only used for the Lie algebra A 2 . The refinement of the graphene starts with the refinement of the lattice P of A 2 . The basic tile F in the lattice P is the coloured triangle in Fig. 2 . Its vertices are 0, ω 1 , ω 2 . Fix a positive integer M . We obtain |F M (A 2 )| = M + 2 2 points in the basic Figure 7 .
Fragment of the refinement of a graphene sheet.
tile and on its boundary, by providing the 3 nonnegative integers [s 0 , s 1 , s 2 ] such that
The coordinates of the points in F M are
When one considers all possible choices for s i integers such that (17) holds, one obtains the refinement of the basic tile, where the points are vertices of the triangles. Reflections from the affine Weyl group of A 2 spread the refinement onto the whole plane. Taking the refined lattice, we can start to build the graphene as in section 2.1, and obtain a refined graphene whose density is fixed by M .
Concluding remarks
Thus far, we have considered the possibility of constructing the A 2 graphene by means of the inclusion of A 2 as a maximal subalgebra of some higher rank algebras. A few additional possibilities exist. Rather than making A 2 a maximal subalgebra of a simple Lie algebra, we can require that A 2 is a maximal subjoint algebra [16] .
The method for constructing the graphene sheet can be generalized to more dimensions in a straightforward way. Indeed, generalization of the graphene sheets built using Brillouin zones is possible for any dimension and any symmetry group. The classification of Brillouin zones is found in [13] .
Generalization of the construction of graphenes by means of congruence classes is possible only when the symmetry is of type A n , n < ∞. Higher dimensional graphenes are not formed by hexagons in general.
It would be curious to investigate the triangular lattice from the point of view of G 2 symmetry only. The problem is more complicated because the G 2 lattice cannot be decomposed into 3 congruence classes. However, we can use the Brillouin zones to construct the graphene.
Colouring of graphenes can be generalized to higher dimensional lattices of simple Lie algebras. Moreover, the phase transition can be generalized to more dimensions.
It would be interesting to describe finite Abelian groups formed by the phase transitions matrices for more general setups.
Possibilities of colouring the graphene aperiodically remain unexplored. The simplest way to achieve this would be to map Q to the 2-dimensional quasicrystal.
Many properties of the graphene, including colouring, can be extended to nanotubes, which are strips of the graphene of appropriate width, rolled into a cylinder [6, 11] . Different nanotubes are obtained by different orientations of the strips [1] [2] [3] [4] . 6 . Appendix ω-bases for the Lie algebras and Lie groups considered in this paper
In all cases, we use the ω-basis. The basis vectors are not orthogonal, and sometimes not of the same length. They are derived from the general properties of semisimple Lie groups and algebras. Because they are found in many places, we do not rederive them here, but only recall them. Here, an ω-basis is defined using the scalar product of the basis vectors ω i |ω j . Therefore, we provide the appropriate matrices of the scalar products.
For A 1 × A 1 : 
